This paper studies a particular class of higher order conformally invariant differential operators and related integral operators acting on functions taking values in particular finite dimensional irreducible representations of the Spin group. The differential operators can be seen as a generalization to higher spin spaces of kthpowers of the Euclidean Dirac operator. To construct these operators, we use the framework of higher spin theory in Clifford analysis, in which irreducible representations of the Spin group are realized as polynomial spaces satisfying a particular system of differential equations. As a consequence, these operators act on functions taking values in the space of homogeneous harmonic or monogenic polynomials depending on the order. Moreover, we classify these operators in analogy with the quantization of angular momentum in quantum mechanics to unify the terminology used in studying higher order higher spin conformally invariant operators: for integer and half-integer spin, these are respectively bosonic and fermionic operators. Fundamental solutions and their conformal invariance are presented here.
Introduction
Classical Clifford analysis started as a generalization of aspects of one variable complex analysis to m-dimensional Euclidean spaces. At the heart of this theory is the study of the Dirac operator D x on R m , a conformally invariant first order differential operator which generalizes the role of the Cauchy-Riemann operator. Moreover, this operator is related to the Laplace operator with D 2 x = −∆ x . The classical theory is centered around the study of functions on R m and taking values in a spinor space [2, 4] , and abundant results have been found. See for instance [4, 11, 27, 22, 31, 32] . P.A.M. Dirac constructed a first order relativistically covariant equation describing the dynamics of an electron by using Clifford modules; hence differential operators constructed using Clifford modules are called Dirac operators. In the presence of an electromagnetic field, the Dirac Hamiltonian for an electron acquires an additional contribution formally analogous to internal angular momentum called spin, from which the Spin group and related notions take their name; for the electron, spin has the value 1 2 [24] . Indeed, in dimension four with appropriate signature, null-solutions of the Dirac operator D x from classical Clifford analysis correspond to solutions for the relativistically covariant dynamical equation of a massless particle of spin 1 2 , also called the Weyl equation. The Dirac equation for the electron, which has mass, may be considered an inhomogeneous equation satisfied by the Dirac operator D x . The Dirac equation is not only relativistically covariant, but also conformally invariant. The construction of conformally invariant massless wave equations, in terms of invariant operators with conformal weights over spin fields, is well described by [17] . The general importance of conformal invariance in physics has long been recognized [20] .
Rarita and Schwinger [29] introduced a simplified formulation of the theory of particles of arbitrary half-integer spin k + 1 2 and in particular considered its implications for particles of spin 3 2 . In the context of Clifford analysis, the so-called higher spin theory was first introduced through the Rarita-Schwinger operator [7] , which is named analogously to the Dirac operator and reproduces the wave equations for a massless particle of arbitrary half-integer spin in four dimensions with appropriate signature [30] . (The solutions to these wave equations may not be physical [38, 39] .) The higher spin theory studies generalizations of classical Clifford analysis techniques to higher spin spaces [9, 5, 7, 15, 17, 25] . This theory concerns the study of the operators acting on functions on R m , taking values in arbitrary irreducible representations of Spin(m). These arbitrary representations are defined in terms of polynomial spaces that satisfy certain differential equations, such as j-homogeneous monogenic polynomials (half-integer spin) or j-homogeneous harmonic polynomials (integer spin). More generally, one can consider the highest weight vector of the spin representation as a parameter [12] , but this is beyond our present scope. The present paper contributes to the study of conformally invariant operators in the higher spin theory.
In principle, all conformally invariant differential operators on locally conformally flat manifolds in higher spin theory are classified by Slovák [34] ; see also [36] . This classification is non-constructive, showing only between which vector bundles these operators exist and what is their order; explicit expressions of these operators are still being found. Eelbode and Roels [17] point out that the Laplace operator ∆ x is not conformally invariant anymore when it acts on C ∞ (R m , H 1 ), where H 1 is the degree one homogeneous harmonic polynomial space (correspondingly M 1 for monogenic polynomials). They construct a second order conformally invariant operator on C ∞ (R m , H 1 ), the (generalized) Maxwell operator. In dimension four with appropriate signature it reproduces the Maxwell equation, or the wave equation for a massless spin-1 particle (the massless Proca equation) [17] . De Bie and his co-authors [9] generalize this Maxwell operator from C ∞ (R m , H 1 ) to C ∞ (R m , H j ) to provide the higher spin Laplace operators, the second order conformally invariant operators generalizing the Laplace operator to arbitrary integer spins. Their arguments also suggest that D k x is not conformally invariant in the higher spin theory. This raises the following question: what operators generalize kth-powers of the Dirac operator in the higher spin theory? We know these operators exist, with even order operators taking values in homogeneous harmonic polynomial spaces and odd order operators in homogeneous monogenic polynomial spaces [34] . This paper explicitly answers the question with the condition that the target space is a degree one homogeneous polynomial space, encompassing the spin-1 and spin- 3 2 cases. More generally, one can consider bosonic and fermionic operators corresponding to either integer or half-integer spins, taking values in polynomial spaces of appropriate degree of homogeneity that are either harmonic or monogenic; however, their function theory is not fully examined here.
The paper is organized as follows: We briefly introduce Clifford algebras, Clifford analysis, and representation theory of the Spin group in Section 2. In Section 3, we introduce the k-order higher spin operators
) depending on whether k is even or odd. We overview classification, existence, and uniqueness results for higher spin operators. Nomenclature is given for the higher order higher spin operators that we consider: bosonic and fermionic operators. The construction and conformal invariance of the operators D 1,k are given with the help of the concept of generalized symmetry, as in [9, 17] . Then we provide the intertwining operators for D 1,k , which also reveal that D 1,k is conformally invariant. These intertwining operators are special cases of Knapp-Stein intertwining operators ( [8, 23] ) in higher spin theory. Section 4 presents the fundamental solutions (up to a multiplicative constant) of D 1,k with the help of Schur's Lemma from representation theory. We also present an argument that the fundamental solution to D 1,k seen as a type of convolution operator is also conformally invariant. These convolution type operators can also be recovered as Knapp-Stein operators ( [8, 23] ) in higher spin theory. The expressions of the fundamental solutions also suggest that D 1,k is a generalization of D k x . With the observation that the bases of the target spaces U have simple expressions, we prove that D 1,k is an elliptic operator in Section 5.
tions pointing out that the intertwining operators of our conformally invariant differential operators and our convolution type operators can be recovered as Knapp-Stein intertwining operators and Knapp-Stein operators in higher spin theory.
Preliminaries

Clifford algebra
A real Clifford algebra, Cl m , can be generated from R m by considering the relationship
for each x ∈ R m . We have R m ⊆ Cl m . If {e 1 , . . . , e m } is an orthonormal basis for R m , then x 2 = − x 2 tells us that e i e j + e j e i = −2δ ij , where δ ij is the Kronecker delta function. An arbitrary element of the basis of the Clifford algebra can be written as e A = e j 1 · · · e jr , where A = {j 1 , · · · , j r } ⊂ {1, 2, · · · , m} and 1 ≤ j 1 < j 2 < · · · < j r ≤ m. Hence for any element a ∈ Cl m , we have a = A a A e A , where a A ∈ R. Similarly, the complex Clifford algebra Cl m (C) is defined as the complexification of the real Clifford algebra
We consider real Clifford algebra Cl m throughout this subsection, but in the rest of the paper we consider the complex Clifford algebra Cl m (C) unless otherwise specified.
The Pin and Spin groups play an important role in Clifford analysis. The Pin group can be defined as
where S m−1 is the unit sphere in R m . P in(m) is clearly a group under multiplication in Cl m . Now suppose that a ∈ S m−1 ⊆ R m , if we consider axa, we may decompose
where x a is the projection of x onto a and x a⊥ is the rest, perpendicular to a. Hence x a is a scalar multiple of a and we have axa = ax a a + ax a⊥ a = −x a + x a⊥ .
So the action axa describes a reflection of x in the direction of a. By the Cartan-Dieudonné Theorem each O ∈ O(m) is the composition of a finite number of reflections. If a = y 1 · · · y p ∈ P in(m), we defineã := y p · · · y 1 and observe that axã = O a (x) for some O a ∈ O(m). Choosing y 1 , . . . , y p arbitrarily in S m−1 , we see that the group homomorphism
with a = y 1 · · · y p and O a x = axã is surjective. Further −ax(−ã) = axã, so 1, −1 ∈ Ker(θ). In fact Ker(θ) = {1, −1}. See [28] . The Spin group is defined as Spin(m) = {a ∈ Cl m : a = y 1 y 2 . . . y 2p ; y 1 , . . . , y 2p ∈ S m−1 , p ∈ N} and it is a subgroup of P in(m). There is a group homomorphism
which is surjective with kernel {1, −1}. It is defined by (1) . Thus Spin(m) is the double cover of SO(m). See [28] for more details.
For a domain U in R m , a diffeomorphism φ : U −→ R m is said to be conformal if, for each x ∈ U and each v, w ∈ T U x , the angle between v and w is preserved under the corresponding differential at x, dφ 2. ab, cd,bc,da ∈ R m ; 3. ad − bc = ±1.
, a conformal transformation can be decomposed as compositions of translation, dilation, reflection and inversion. This gives an Iwasawa decomposition for Möbius transformations. See [25] for more details.
The Dirac operator in R m is defined to be
Since multiplication of Clifford numbers is not commutative in general, there is a similar definition for right monogenic functions. Sometimes we will consider the Dirac operator D u in vector u rather than x.
Let M j denote the space of Cl m -valued monogenic polynomials, homogeneous of degree j. Note that if h j (u) ∈ H j , the space of Cl m -valued harmonic polynomials homogeneous of degree j, then
This is an Almansi-Fischer decomposition of H j . See [15] for more details. In this AlmansiFischer decomposition, we define P j as the projection map
Suppose again U is a domain in R m . Consider a differentiable function f : U ×R m −→ Cl m , such that for each x ∈ U, f (x, u) is a left monogenic polynomial homogeneous of degree j in u, then the Rarita-Schwinger operator [7, 15] is defined by
Though we have presented the Almansi-Fischer decomposition, the Dirac operator, and the Rarita-Schwinger operator here in terms of functions taking values in the real Clifford algebra Cl m , they can all be realized in the same way for spinor-valued functions in the complex Clifford algebra Cl m (C); we discuss spinors in the next section.
Irreducible representations of the Spin group
The following three representation spaces of the Spin group are frequently used as the target spaces in Clifford analysis. The spinor representation is the most commonly used spin representation in classical Clifford analysis and the other two polynomial representations are often used in higher spin theory.
Spinor representation of Spin(m)
Consider the complex Clifford algebra Cl m (C) with even dimension m = 2n. Then C m or the space of vectors is embedded in Cl m (C) as
Define the Witt basis elements of C 2n as
The space of Dirac spinors is defined as
This is a representation of Spin(m) under the following action ρ(s)I := sI, f or s ∈ Spin(m).
Note that S is a left ideal of Cl m (C). For more details, we refer the reader to [11] . An alternative construction of spinor spaces is given in the classical paper of Atiyah, Bott and Shapiro [2] .
Homogeneous harmonic polynomials on
It is a well-known fact that the space of complex-valued harmonic polynomials defined on several vector variables is invariant under the action of Spin(m), since the Laplacian ∆ m is an SO(m) invariant operator. But it is not irreducible for Spin(m). It can be decomposed into the infinite sum of j-homogeneous harmonic polynomials, 0 ≤ j < ∞. Each of these spaces is irreducible for Spin(m). This brings us the most familiar representations of Spin(m): spaces of j-homogeneous complex-valued harmonic polynomials defined on R m , henceforth denoted by H j := H j (R m , C). The following action has been shown to be an irreducible representation of Spin(m) [37] :
This can also be realized as follows
where θ is the double covering map and ρ is the standard action of SO(m) on a function
having highest weight (j, 0, · · · , 0) (for more details, see [22] ). Accordingly, the spin representations given by H j (R m , C) are said to have integer spin j; we can either specify an integer spin j or the degree of homogeneity j of harmonic polynomials.
Homogeneous monogenic polynomials on Cl m
In Cl m -valued function theory, the previously mentioned Almansi-Fischer decomposition shows that we can also decompose the space of j-homogeneous harmonic polynomials as follows
If we restrict M j to the spinor valued subspace, we have another important representation of Spin(m): the space of j-homogeneous spinor-valued monogenic polynomials on R m , henceforth denoted by M j := M j (R m , S). More specifically, the following action has been shown to be an irreducible representation of Spin(m):
When m is odd, in terms of complex variables
), wherez 1 is the conjugate of z 1 , S is the Dirac spinor space, and I is defined as in Section 2.2.1; for details, see [37] . Accordingly, the spin representations given by M j (R m , S) are said to have half-integer spin j + ; we can either specify a half-integer spin j + 1 2 or the degree of homogeneity j of monogenic spinor-valued polynomials.
3 The higher order higher spin operator D 1,k
Motivation
We have mentioned that the Laplace operator (acting on a C-valued field) is related to the Dirac operator (acting on a spinor-valued field) and they are both conformally invariant operators [32] . Moreover, the kth-power of the Dirac operator D k x for k a positive integer, is shown also to be conformally invariant in the spinor-valued function theory [32] . However, the Dirac operator D x and the Laplace operator are no longer conformally invariant when acting on functions taking values in the higher spin spaces, in the sense explained in the next paragraph; see [9, 17] , and [14] for the Dirac operator case. The first generalization of the Dirac operator to higher spin spaces is instead the so-called Rarita-Schwinger operator [7, 15] , and the generalization of the Laplace operator to higher spin spaces is the so-called higher spin Laplace or Maxwell operator given in [9, 17] .
Let us look deeper into this lack of conformal invariance of the Dirac operator D x when acting on functions taking values in the higher spin spaces. Given a function
There is also a reflection of u in the direction x given by xux ||x|| 2 ; this reflection involves x, which changes the conformal invariance of D x such that D x f (x, u) = 0 does not hold in general. This explanation also applies for the Laplace operator ∆ x in the higher spin theory. The explanation we just mentioned further implies that the kth-power of the Dirac operator D k x is not conformally invariant in the higher spin theory. In this section, we will provide the generalization of D k x when it acts on C ∞ (R m , U), where U = H 1 or U = M 1 depending on the order. We provide nomenclature for these higher order operators in higher spin theory. We begin by examining existence and uniqueness of conformally invariant differential operators in higher spin spaces.
Existence of conformally invariant operators
There is a well developed literature on the existence of conformally invariant operators [19, 6, 34, 35, 36] . In [34] , Slovák demonstrated the existence of conformally invariant differential operators in higher spin spaces. Then Souček considered Slovák's results in a form more suitable for Clifford analysis. In this section, we review Souček's results. For more details, we refer the reader to [36] . For a matrix A ∈ H, the element a ∈ Γ m has a nonzero norm and can be written as the product of a ||a|| ∈ Spin(m) and ||a|| ∈ R + . If λ is a dominant integral weight for Spin(m) with the corresponding irreducible representation V λ and ω ∈ C is a conformal weight, we denote ρ λ (ω) the irreducible representation of H on V λ given by
Below we discuss differential operators acting on sections of homogeneous vector bundles over M = G/H. We shall consider only bundles associated to irreducible representations of the isotropic group H. Hence they are specified by a highest weight λ giving an irreducible representation of Spin(m) and by a conformal weight ω ∈ C. Such a bundle will be denoted by V λ (ω). The following lemma gives the action of
where
We now consider conformally invariant differential operators between sections of Γ(M, V λ (ω)) and Γ(M, V λ ′ (ω ′ )) of order ω ′ − ω, separately for the even and odd dimension cases.
Even dimension m = 2n
The highest weights of fundamental representations Λ i (C m ) are
and highest weights of the basic spinor representations S ± of Spin(m) [22] are n−tuples
Then the (n + 1)-tuple (B, D i , A, C) specifies the irreducible representation ρ λ (ω) for Spin(m), where
and the conformal weight is given by
Let us now state Souček's theorem on classification of nonstandard operators, in the even dimension case.
Theorem 1.
[36] Let (λ, ω) and (λ ′ , ω ′ ) be computed using Equations (2) and (3), where the positive integers 
and the integer e is defined by e = a + b + c + d.
Then there exists (up to a multiple) unique nontrivial conformally invariant differential operators between sections of Γ(M, V λ (ω)) and Γ(M, V λ ′ (ω ′ )); its order is equal to ω ′ − ω. This is a complete list of the so-called nonstandard conformally invariant differential operators on spaces of even dimension.
Odd dimension
where the first i entries of n-tuple are 1}
and highest weights of the basic spinor representation S of Spin(m) [22] are n−tuples
Let us now state Souček's theorem on classification of nonstandard operators, now in the odd dimension case.
Theorem 2.
[36] Let (λ, ω) and (λ ′ , ω ′ ) be computed using Equations (4) and (5) 
Then there exists (up to a multiple) unique nontrivial conformally invariant differential operators between sections of Γ(M, V λ (ω)) and Γ(M, V λ ′ (ω ′ )); its order is equal to ω ′ − ω. This is a complete list of the so-called nonstandard conformally invariant differential operators on spaces of odd dimension.
Applications to our cases
Theorem 1 and 2 show existence of conformally invariant differential operators as follows.
Theorem 3.
[36] Let (λ, ω) and (λ ′ , ω ′ ) be one of couples for which there is a (nontrivial) invariant differential operator
(the nonstandard operators are listed in Theorem 1 and 2; the complete list is in [34] ).
be the operator acting on smooth maps from R m to V λ by
This paper considers differential operators acting on functions
Here we only show existence of conformally invariant differential operators on spaces of even dimension m; the odd dimensional case is similar. We work out the allowable highest weights, conformal weights, and orders on operators acting on these function spaces.
From Theorem 1, we notice that highest weight λ is determined by D i , A and C. From the table, we also have λ = λ ′ . In other words, conformally invariant operators only exist between C ∞ (R m , H j ) and itself or C ∞ (R m , M j ) and itself. We consider each in turn.
Integer Spin Case:
As an irreducible representation of Spin(m), H j has highest weight of n-tuple λ = λ ′ = (j, 0, · · · , 0). The group action ρ λ is defined in Section 2.2.2. From the table in Theorem 1 and
we know that
There is exactly one possibility for all entries but the last column in the table, for which there is a sequence of possibilities indexed by a nonnegative integer b. The last column corresponds to the (2b + 2n + 2j − 2)-th order conformally invariant differential operator, with
and conformal weights ω = 1 − b − j and ω ′ = b + j + 2n − 1. Hence, we have
To make the above intertwining operators coincide with the forms of the intertwining operators we have at the end of Section 3, we let 2b + 2n + 2j − 2 = 2s and since m = 2n, we have
Half-integer Spin Case:
As an irreducible representation of Spin(m), M j has highest weight as n-tuple λ =
. The group action ρ λ is the action defined as in Section 2.2.3.
From the table and
we can find that 
in other words,
To make the above intertwining operators coincide with the intertwining operators we have at the end of Section 3, we let 2j + 2n + 2b − 3 = 2s + 1 and since m = 2n, we have
Similar arguments apply for the odd dimensional cases. This establishes existence of the conformally invariant differential operators we wish to consider. Further, even order conformally invariant differential operators only exist between C ∞ (R m , H j ) and odd order ones only exist between C ∞ (R m , M j ). Intertwining operators of conformally invariant differential operators in Theorem 8 can also be recovered. Once we establish conformal invariance of the operators that we construct between the desired higher spin spaces, uniqueness up to multiplicative constant of these higher order higher spin operators is established by the preceding theorems.
Construction and conformal invariance
We have established by arguments of Slovák [34] and Souček [36] , for integers j ≥ 0 and k > 0 there exist conformally invariant differential operators in the higher spin setting
where U = H j if k is even and U = M j if k is odd. We introduce some nomenclature suggestive of massless spin fields in mathematical physics, which we hope is adopted by others studying higher spin theory in Clifford analysis. As a Spin representation H j is associated with integer spin j and particles of integer spin are called bosons, so the operators
are named bosonic operators. Thus in the spin 0 case we have the Laplace operator and its k-powers, the spin 1 case the Maxwell operator and its generalization to order k = 2n, and general higher spin Laplace operators and their generalization to order k = 2n. Correspondingly, as a Spin representation M j is associated with half-integer spin j + 1 2 and particles of half-integer spin are called fermions, so the operators
are named fermionic operators. Thus in the spin 1 2 case we have the Dirac operator and its k = 2n + 1 powers, the spin 3 2 case the simplest Rarita-Schwinger operator and its generalization to order k = 2n + 1, and general Rarita-Schwinger operators and their generalization to order k = 2n + 1. Note that our notation indexes according to degree of homogeneity of the target space j and differential order k, so fractions are not used in the notation; if we indexed according to spin, fractional spins would need to be used for odd order operators.
We will consider the higher order spin 1 and spin
, where U = H 1 for k even and U = M 1 for k odd. Note that the target space U here is a function space. That means any element in C ∞ (R m , U) is of the form f (x, u) with f (x, u) ∈ U for each fixed x ∈ R m and x is the variable which D 1,k acts on. The construction and conformal invariance of these two operators are considered as follows.
k even, k = 2n, n > 1 (The bosonic case) Theorem 4. For positive integer n, the unique 2n-th order conformally invariant differential operator of spin-1
has the following form, up to a multiplicative constant:
For the case n = 1, we retrieve the Maxwell operator from [17] .
Our proof of conformal invariance of this operator follows closely the method of [17] . In order to explain what conformal invariance means, we begin with the concept of a generalized symmetry (see for instance [16] ): Definition 1. An operator η 1 is a generalized symmetry for a differential operator D if and only if there exists another operator η 2 such that Dη 1 = η 2 D. Note that for η 1 = η 2 , this reduces to a definition of a (proper) symmetry:
One determines the first order generalized symmetries of an operator, which span a Lie algebra [17, 26] . In this case, the first order symmetries will span a Lie algebra isomorphic to the conformal Lie algebra so(1, m + 1); in this sense, the operators we consider are conformally invariant. The operator D 1,2n is so(m)-invariant (rotation-invariant) because it is the composition of so(m)-invariant (rotation-invariant) operators, which means the angular momentum operators L x ij + L u i,j that generate these rotations are proper symmetries of D 1,2n . The infinitesimal translations ∂ x j , j = 1, · · · , n, corresponding to linear momentum operators are proper symmetries of D 1,2n ; this is an alternative way to say that D 1,2n is invariant under translations that are generated by these infinitesimal translations. Readers familiar with quantum mechanics will recognize the connection to isotropy and homogeneity of space, the rotational and translational invariance of Hamiltonian, and the conservation of angular and linear momentum [33] ; see also [4] concerning RaritaSchwinger operators.
The remaining two of the first order generalized symmetries of D 1,2n are the Euler operator and special conformal transformations. The Euler operator E x that measures degree of homogeneity in x is a generalized symmetry because D 1,2n E x = (E x + 2n)D 1,2n ; this is an alternative way to say that D 1,2n is invariant under dilations, which are generated by the Euler operator. The special conformal transformations are defined in Lemma 2 in terms of harmonic inversion for H 1 -valued functions; harmonic inversion is defined in Definition 2 and is an involution mapping solutions of D 1,2n to D 1,2n . Readers familiar with conformal field theory will recognize that invariance under dilation corresponds to scale-invariance and that special conformal transformations are another class of conformal transformations arising on spacetime [13] . An alternative method of proving conformal invariance of D 1,2n is to prove the invariance of D 1,2n under those finite transformations generated by these first order generalized symmetries (rotations, dilations, translations, and special conformal transformations) to show invariance of D 1,2n under actions of the conformal group; this may be phrased in terms of Möbius transformations and the Iwasawa decomposition. However, the first-order generalized symmetry method emphasizes the connection to mathematical physics and is more amenable to our proof of a certain property of harmonic inversion. It is also that used by earlier authors [9, 17] .
Definition 2. The harmonic inversion is a conformal transformation defined as
Note that this inversion consists of Kelvin inversion J on R m in the variable x composed with a reflection u → ωuω acting on the dummy variable u (where x = ||x||ω) and a multiplication by a conformal weight term ||x|| 2n−m ; it satisfies J 2 2n = 1.
Then we have the special conformal transformation defined in the following lemma. The definition is an infinitesimal version of the fact that finite special conformal transformations consist of a translation preceded and followed by an inversion [13] : an infinitesimal translation preceded and followed by harmonic inversion. The second equality in the lemma shares some terms in common with the generators of special conformal transformations in conformal field theory [13] , and is a particular case of a result in [18] .
Lemma 2. The special conformal transformation defined as C 2n := J 2n ∂ x j J 2n satisfies
Proof. A similar calculation as in Proposition A.1 in [9] will show the conclusion.
Then, we have the main proposition as follows.
Proposition 1. The special conformal transformations C 2n , with j ∈ {1, 2, . . . , m} are generalized symmetries of D 1,2n . More specifically,
In particular, this shows that
which is the generalization of the case of the classical higher order Laplace operator ∆ n x [3] . This also implies D 1,2n is invariant under inversion.
If the main proposition holds, then the conformal invariance can be summarized in the following theorem:
Theorem 5. The first order generalized symmetries of D 1,2n are given by:
The shifted Euler operator (E
3. The infinitesimal translations ∂ x j , with 1 ≤ j ≤ m.
The special conformal transformations
These operators span a Lie algebra which is isomorphic to the conformal Lie algebra so(1, m + 1), whereby the Lie bracket is the ordinary commutator.
Proof. The proof is similar as in [18] via transvector algebras. Notice that the shift in the shifted Euler operator E x + ω defines the conformal weight (defined in Section 3.2)
Detailed proof of Proposition 1:
First, let us prove a few technical lemmas. It is worth pointing out that since we are dealing with degree-1 homogeneous polynomials in u, terms involving second derivatives with respect to u disappear.
Proof. We prove this by induction. First, we have ( [9] )
Assuming the lemma is true for ∆ n−1 , applying the fact that for general operators A, B and C
a straightforward calculation leads to the conclusion.
Proof. First, we have [9] :
together with the previous lemma proves the conclusion.
With the help of Lemma 3 and 4, a straightforward calculation shows that
Since D 1,2n is conformally invariant by Theorem 5 and Slovak's results provide the uniqueness and intertwining operators of conformally invariant differential operators, we have
from the intertwining operators under (harmonic) inversion. This is a generalization of the Laplacian case [3] .
Theorem 6. For positive integer n, the unique (2n − 1)-th order conformally invariant differential operator of spin-
When n = 1, we have the Rarita-Schwinger operator appearing in [7, 15] and elsewhere.
The same strategy in the even case applies: we only must show the special conformal transformation defined below is a generalized symmetry of D 1,2n−1 . We have the definition for monogenic inversion as follows.
Definition 3. Monogenic inversion is a conformal transformation defined as
Note that this inversion also consists of Kelvin inversion J on R m in the variable x composed with a reflection u → ωuω acting on the dummy variable u (where x = ||x||ω) and a multiplication of a conformal weight term x ||x|| m−2n ; it satisfies J 2 2n+1 = −1 instead. Similarly, monogenic inversion is an involution mapping solutions for D 1,2n−1 to solutions for D 1,2n−1 ([30] ). Then we have the following lemma.
Lemma 5. The special conformal transformation is defined as
Proof. As similar calculation as in Proposition A.1 in [9] will show the conclusion.
Then we arrive at the main proposition, stating that the special conformal transformations are generalized symmetries of operator D 1,2n−1 .
Proposition 2. The special conformal transformations C 2n−1 , with j ∈ {1, 2, . . . , m} are generalized symmetries of D 1,2n−1 . More specifically,
In particular, this shows that J 2n−1 D 1,2n−1 J 2n−1 = ||x|| 4n−2 D 1,2n−1 , which is the generalization of the case of the classical higher order Dirac operator D 
The shifted Euler operator (E
The special conformal transformations
Detailed proof of Proposition 2:
To prove Proposition 2, as in the even case, we need a few technical lemmas.
We combine Lemma 6, 7 and 8 to get
This implies
J 2n−1 D 1,2n−1 J 2n−1 = ||x|| 4n−2 D 1,2n−1 .
Conformal Invariance and Intertwining Operators, Both Cases
Strictly speaking, Theorem 3 together with the constructions in this subsection can provide the intertwining operators for the bosonic and fermionic operators in this paper. However, for the sake of concreteness and to highlight the alternative approach centering upon Möbius transformations, here we rely on the Iwasawa decomposition for Möbius transformations to determine these intertwining operators. Let D 1,k,x,u and D 1,k,y,w be the higher order higher spin operators with respect to x, u and y, w, respectively and y = φ(x) = (ax + b)(cx + d) −1 is a Möbius transformation. Let
with n = 1, 2, 3, · · · . See [27] . Then we make the following claim.
We only prove the bosonic (order k = 2n) case, as the fermionic (order k = 2n + 1) case is similar. According to the Iwasawa decomposition, we need only prove this with respect to orthogonal transformation and inversion, since translation and dilation are trivial. Note that our argument here requires the invariance under harmonic inversion established earlier.
Orthogonal transformations a ∈ P in(m) Lemma 9. If x = ayã, u = awã, then D 1,2n,x,u f (x, u) = aD 1,2n,y,wã f (y, w).
Proof.
= aD 1,2n,y,wã f (y, w).
Inversions
Lemma 10. Let x = y −1 and u = ywy ||y|| 2 , then
Proof. Recall that after we showed [D 1,2n , J 2n ∂ x j J 2n ] = −4nx j D 1,2n for J 2n the harmonic inversion, we claimed and later showed that J 2n D 1,2n J 2n = ||x|| 4n D 1,2n . This can also be written as
Theorem 8 now follows using the Iwasawa decomposition. See [14] for the first order case.
Fundamental solutions of D 1,k
To get the fundamental solutions of D 1,k , we use techniques from [7] . It is worth pointing out that the reproducing kernels of M 1 and H 1 below have simple expression, but we insist on using techniques used in [7] , since it also works for more general cases when we have M j or H j instead. This will be found in an upcoming paper. This method only provides us the fundamental solutions up to a multiplicative constant. We prefer this constant to be determined in the more general case in an upcoming paper.
k even, k = 2n (The bosonic case)
Recall that the reproducing kernel for j-homogeneous harmonic spherical polynomials Z j (u, v) is called the zonal spherical harmonic of degree j, and is invariant under reflections (and consequently rotations) in the variables u and v [3] . In our circumstance,
is the zonal spherical harmonic of degree 1, where ω m−1 is the surface area of the (m − 1)-dimensional unit sphere and u, v is the standard inner product in Euclidean space. It can be considered as the identity of End(H 1 ) and satisfies
where ( , ) u denotes the Fischer inner product with respect to u; we define the Fischer inner product of two functions by the integral of their product over the sphere, consistent with other work in higher spin theory [7, 15] . A homogeneous End(
is referred to as a fundamental solution for the operator D 1,2n . We will show that such a fundamental solution has the form
is a trivial solution of D 1,2n , according to the invariance of D 1,2n under inversion, we obtain a non-trivial solution 2n (x, u, v) is homogeneous of degree −m in x and it belongs to L loc 1 (R m ). Because δ(x) is the only (up to a multiple) distribution homogeneous of degree −m with support at the origin, we have in the sense of distributions:
Now, for all Q 1 ∈ H 1 , we have
where in the last line we made a change of variables in the second argument of Z 1 . Since Z 1 (u, v) is invariant under reflection and xux ||x|| 2 is a reflection of variable u in the direction of x, the last line in the last equation becomes
Hence, we obtain
As the reproducing kernel Z 1 (u, v) is invariant under the Spin(m)-representation H : f (u, v) → sf (sus, svs)s, the kernel E 1,2n (x, u, v) is also Spin(m)-invariant: sE 1,2n (sxs, sus, svs)s = E 1,2n (x, u, v).
From this it follows that P 1 (u, v) must be also invariant under H. Let now φ be a test function with φ(0) = 1. Let L be the action of Spin(m) given by L : f (u) → sf (sus)s. Then
In this way we have constructed an element of End(H 1 ) commuting with the L-representation of Spin(m) that is irreducible; see Section 2.2.2. By Schur's Lemma ( [21] ), it follows that P 1 (u, v) must be the reproducing kernel Z 1 (u, v) if we choose c 1 properly. Hence
The reproducing kernel Z k (u, v) for degree k homogeneous monogenic spherical polynomials, those in M k , is called the zonal spherical monogenic [10] . (There should be no confusion using the same notation for zonal spherical harmonics and monogenics.) In our circumstance, for u, v ∈ S m−1 ,
where µ = m 2 −1, t = u, v , u∧v = uv+ u, v , and C µ k (t) are the Gegenbauer polynomials [10] . With similar arguments and the fact that Z 1 (u, v) is also Spin(m)-invariant under the same Spin(m)-action as in the even case, one can show that
is the fundamental solution of D 1,2n−1 , where c ′ 1 is a non-zero real constant.
where ψ(x, u) ∈ C ∞ (R m , U) with compact support in x for each u ∈ R m , U = M 1 when k is odd and U = H 1 when k is even. Hence, we have D 1,k E 1,k = Id and E 1,k = D Notice that the bases of the target space H 1 and M 1 have simple expressions. We can use techniques similar to those in [9, 17] to show that the operators D 1,k are elliptic. First, we introduce the definition for an elliptic operator. is an elliptic operator.
Proof. To prove the theorem, we show that, for fixed x ∈ R m , the symbol of the operator D 1,2n−1 , which is given by x||x|| 2n−2 − 2 m + 2n − 2 u D u , x ||x|| 2n−2 − 4n − 4 m + 2n − 2 u, x D u , x ||x|| 2n−4 x, is a linear isomorphism from M 1 to M 1 . As the symbol is clearly a linear map, it remains to be proven that the map is injective. Recall that M 1 is actually M 1 (R m , S), however, if we can prove the symbol is injective for M 1 (Cl m ), then this also implies that it is injective for M 1 (S) ⊂ M 1 (Cl m (C) ). From the Almansi-Fischer decomposition H 1 = M 1 ⊕ uM 0 , it is easy to obtain that dimM 1 = m − 1. Since {e j u m + e m u j } m−1 j=1 are in M 1 and it is also a linearly independent set in M 1 . Therefore, it is actually a basis of M 1 . Hence, an arbitrary element of M 1 can be written as m j=1 α j (e j u m + e m u j ) with α j ∈ C for all 1 ≤ j ≤ m. We next show that the following system of equations has a unique solution: In order to show that this system has an unique solution, it suffices to prove that Checking each e j -th component with 1 ≤ j ≤ m, it is easy to see P (x) is non-zero if x is non-zero. This completes the proof.
